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Abstract. Nearly all field theories suffer from singularities when particles are introduced. This 
is true in both classical and quantum physics. Classical field singularities result in the notorious 
self-force problem, where it is unknown how the dynamics of a particle change when the particle 
interacts with its own (self) field. Self-force is a pressing issue and an active research topic in 
gravitational phenomena, as well as a source of controversies in classical electromagnetism. In 
this work, we study a hidden geometrical structure manifested by the electromagnetic field-lines 
that has the potential of eliminating all singularities from classical electrodynamics. We explore 
preliminary results towards a consistent way of treating both self- and external fields. 


1. Introduction 

The notion of a field-line was introduced by Michael Faraday in his work on magnetism [T]. 
Faraday argued that the forces of electricity, magnetism and gravity are better described 
by fields, populated with field-lines. From Faraday’s point of view, a field is not a mere 
mathematical abstract but a real physical object. 

Today, despite Faraday’s groundbreaking work, field-lines are commonly used as a mere 
pedagogical tool for visualizing classical fields rather than providing a genuine clue about the 
field’s physical nature. 

We suggest to revive the held’s ontological status in light of several open problems in physics. 
Classical field theories suffer from a fundamental flaw when particles are introduced. If we 
naively treat the particle as point-like, the held will inevitably have singularities. For example, 
Maxwell’s equations predict the electromagnetic held to be singular at the location of point¬ 
like electrons. Consequently, the force exerted on the electron must be inhnite due to its own 
self-held. This is the notorious self-force problem. 

The self-force problem is ubiquitous in classical held theories. In general relativity, 
(gravitational) self-force is actively studied as a correction to the geodesic motion for sufficiently 
small bodies [2] . In classical electromagnetism, self-force introduces analogous corrections to the 
Lorentz force equation, one of which is the radiation-reaction force. Radiation-reaction is one of 
the oldest debates in physics for almost a century, with more than 15 different models suggested 
so far m-m- To date there is no compelling experimental reason to prefer any of them. New 
experiments to test radiation-reaction were suggested by one of us [19] following Labun et ah, 
as well as other investigators [20], and will hopefully shed light on this issue in the near future. 


There are many ways to try and address the self-force problem in the classical regime. One 
is to endow the electron with an internal structure. However, such an internal structure cannot 
maintain its stability unless one assumes additional unknown forces I2I1E2]. A second approach 
is to modify Maxwell’s equations to prevent the field from becoming singular in the first place. 
The most famous attempt of this kind is the Born-Infeld model [23], in which nonlinear effects 
produce an upper bound on the electromagnetic field in the vicinity of the point particle. 
Nevertheless, here too there is no compelling empirical reason to support the belief that the 
field equations are indeed nonlinear. 

One may argue that the self-force problem is beyond the realm of our classical theories, hence 
quantum physics must be employed. In this work we present preliminary results which hint that 
self-forces can be treated consistently within classical physics. 

Since self-force is such an elementary difficulty, it should not come as a surprise to find it 
strongly linked to the very concept of field-lines. By definition, a test charge will accelerate 
in the direction of the tangent to the field-line that passes through it. However, pure test 
particles are only an idealization. In reality, every charge changes the field-lines configuration 
irrespectively of how small it is (see figure]^. This means that any (test) charge will interfere 
with the formation of the same field-lines it is expected to reveal. In particular, the very concept 
of field-lines is ill-defined at the location of the charge, and field-lines are also inflicted by the 
self-force problem. 



Figure 1. (Image credits: BillC, Wikimedia Commons) The field-lines in the vicinity of a 
positive charge. By definition, a test charge will accelerate in the direction of the tangent to 
the field-line at the position of the charge. The arrows point in the direction of acceleration of 
a positive test charge. 


In the present work we argue that, paradoxically, it is the neglected notion of field-lines that 
offers a classical solution to the self-force problem. In earlier works, two of us OEni adopted 
Faraday’s viewpoint and elevated the field-lines from a mathematical abstract to a real physical 
entity. Just like material objects, the dynamics of the field-lines depends on their mechanical 
properties. The field’s dynamics is determined by the curvature of its field-lines and the stress 
this curvature induces. For the sake of simplicity, we proceed by studying electric field-lines in 
non-relativistic systems, although the ideas presented here can be generalized to other fields. 

2. Curvature and acceleration 

A free charge in (flat) empty space may be in one of two states, either at rest or traveling with 
a constant velocity. In the former state, the field-lines around the resting charge are isotropic. 









In the latter, they are denser in the directions perpendicnlar to the particle’s velocity direction 
dne to Lorentz contraction. 

Consider next a charge changing its state from the first (resting) state to the second 
(rectilinearly moving) state. Its velocity changes abruptly from zero to n = vqx, thereby emitting 
an electromagnetic wave. For a sufficiently far observer the charge still appears to be at rest, 
its field-line still being isotropic outside of the forward light-cone of the instant of acceleration. 
Inside the light-cone, the charge is already moving, hence the held-lines appear denser in the 
direction perpendicular to the direction of motion. To ensure continuity of the held-lines, they 
appear to be partially ‘broken-and-redrawn’ on the light-cone’s surface, as shown in hgure [^. 

This simple account can be extended to reveal a connection between the curvature of the 
held-lines and the charge’s dynamics. In practice, the charge’s velocity cannot change from zero 
to another value instantly but only continuously. Consider for example a velocity changing in 
constant rate from zero to v = vqx. By the same logic used above, nearly all held-lines must 
curve as in hgure [^. The only held-lines that do not curve are the two that are directed along 
the charge’s acceleration vector. The lines remain straight because they are on the only axis on 
which symmetric constraints act from both side, ‘pealing off’ the curved lines. 



Figure 2. (a) Field-lines of a charge after an instantaneous velocity change: (b) Field-lines 
of a charge under constant acceleration. The held-lines curve, with only those pointing in the 
direction of acceleration having curvature zero. 


This leads to the following observations: 

• The held-lines around an accelerating charge curve. 

• If the charge is accelerating, then the acceleration is along held-lines with zero curvature. 

In the next section we will show that this observation is true not only in this specihc case, but 
holds in general. Thus, it should be elevated to a postulate, relating the geometry of the electric 
held-lines to the dynamics of the charges. Under the inhuence of an electrostatic held, charges 
must travel along field-lines with zero curvature. 

3. Minimal (zero) curvature 

We start by considering a physical system which includes charges traveling under the inhuence 
of an electric held. For the sake of simplicity, we assume no magnetic helds or other forces. Our 
goal is to study the geometrical properties of the electric held-lines and their relation to the 
dynamics of the charges. 









An electric field-line is defined to be a curve in for which the direction of the curve is 
equal to the direction of the electric field. In other words, if s) is an electric field-line at 
time t with parametrization s, then 7 must satisfy the electric field-line equation: 

^7(f,s) = S(f,7(s)). (1) 

The curvature k of the curve 7 in is given by a well-known formula from differential geometry: 


If X 7" 
If P 


( 2 ) 


where the prime denotes differentiation with respect to the parametrization s. It should be clear 
that both functions k and 7 depend on the time t and the parametrization s, but to keep the 
notation concise we will omit these arguments. 

By replacing the electric field-line Eq. 0 in the curvature Eq. Q, we receive the curvature 
K{t, x) of the unique field-line that passes through x at time t, 
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where the electric field E is sampled at the point x and time t. 

In order to assess the validity of our observation of the previous section we need to 
evaluate the curvature near the position xo{t) of the charge. In classical electromagnetism 
it is common to omit the self-fields of the charges, to avoid the self-force problem that leads to 
the notorious singularities as well as the radiation-reaction problem [ 2 T]. But here the situation 
is fundamentally different. When dealing with the geometry of the field-lines, one must include 
the self-fields of the charge to obtain meaningful results. In other words, we must treat the 
electric field as a whole. 

Let us separate the electric field into two parts. The first is the external electric field Eext- 
Here ‘external’ refers to the contribution of the electric field from all sources other than the 
charge located at the point xq (t). The self-field of this charge will be denoted by Egeif. The total 
electric field is the superposition, 

E = Eself -I- Eext- (4) 

Substituting Eq. Q in the curvature Eq. ([^ yields 


K-^self + Eext) X ((Egelf -|- Egxt) ' V)(Eself -k Eext)| 

I .^self T Eext I ^ 


(5) 


Coulomb law shows that in the immediate vicinity of the charge the self-field is greater 
in magnitude than the external field, while farther away the external field gives a greater 
contribution. This means that in the nearby neighborhood of the charge, the dominating factor 
in the last equation is Eggif. We may therefore expand the curvature k, about the charge’s 
position xo{t) by treating the self-field as a dominating term. 

In the zeroth order, the curvature is determined by the self-field alone, and we have 


K{t, x) 
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( 6 ) 


By Coulomb’s law the self field-lines are straight. Hence this term vanishes for all x 7 ^ xo{t), 
and one must consider the next order in the perturbation expansion. 






The next order in the perturbation gives the first non-zero contribution to the curvature and 


is given by 

|Eself |3 

(7) 

where 

— -E'ext ^ (-E'self * V)-E'self? 

(8) 


^2 — -^self ^ (-E'ext * V)-E'self? 

(9) 


ks = Egelf X (Egelf • V)ii/ext. 

(10) 


Note that each of the terms fci, k 2 and has two appearances of the self-field and a single 
appearance of the external field. 

Let us assume that we are in the instantaneous reference frame of the charge. In this reference 
frame Coulomb’s law holds and the self-field is 


.Eseif(t, x)=q 


xo{t) - X 

|fo(i) - ^)P' 


Plugging this result into Eqs. 

ki{t,x) = 

k2{t,x) = 


gives 


\xo{t) - X 
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Similarly, Eq. (10) shows that ks is of a smaller magnitude (1/r^) than ki and k 2 (I/t^) due to 
the appearance of the derivative of external field in Eq. (10). /cs may therefore be omitted. 

The above calculation shows that 


K{t, x) 
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about the charge and in its rest frame. Remarkably, we see that any direct dependence on the 
self-field of the charge actually vanished. In the neighborhood of the charge, the curvature of 
the electric field-lines depends on the external field (as well as the vector Ax = xo(t) — x). This 
has profound consequences, as Eq. (14) shows that the electric field-lines curvature is regular 
nearby the charge. This result holds for all electric charges, and therefore shows that the electric 
field-lines curvature is always regular. In other words, even for point-like charged particles the 
electric curvature is a well-defined property. 

Eq. (14) provides several immediate results. First, the limiting case q ^ oo gives k —)> 0. 
This is not surprising, as in this case the self-field dominates the motion and the field-lines are 
straight. 

The second limiting case g —)• 0 is singular for this formula. In this case Eq. (14) is no 
longer valid as the assumptions we used in its derivation no longer hold. This is because we 
assumed q 0 when we started this perturbation expansion, and for this case the equation is 
no longer valid since the external field dominates over the self-field, and the relative orders of 
terms ki,k 2 ,k 3 changes. Furthermore, the relative magnitudes of Eext and q provides a natural 
length dimension (including the curvature radius) which separates between the ‘near’ and the 
‘far’ zones. 

In the last section we observed that a charge accelerates in the direction of field-lines with 
zero curvature. We are now ready to prove that this is a general phenomenon. Let At be an 












Figure 3. (a) The field-lines around a positive charge. In the immediate vicinity of the charge 
the field-lines are mostly determined by its self-field, where farther away it is the external field 
that predominantly determines the field-lines, (b) Each field-line is a curve in and in this 
figure the color of each point represents the value of the field-lines’ curvature. The blue color 
indicates regions where the field-line curvature vanishes, and it is clear that the acceleration 
vector of the charge (the orange arrow) points in the direction of zero curvature. 


infinitesimal time duration. Consider evaluating the curvature of the field at the next time step 
of the charge, 

X = xo{t + At). (15) 


For small At we have. 


xo{t + At) - xo{t) 


vo{t)At + -ao(t)(At)^. 


(16) 


The curvature formula Q was derived in the instantaneous rest frame of the charge, in which 
To = d. The curvature ([^ at the position of the charge at time t + At can be estimated using 
Eq. (16) (where vo{t) = 0) to give 


K{t,Xoit + At)) 


-|£'ext(t, x) X {xo{t) - xoit + At))I 

q 
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(17) 


This means that K{t,xo{t -|- At)) = 0 if and only if the acceleration is parallel to the external 
field. The charge will always accelerate in the direction of a field-line that has zero curvature. 

The most striking result from the curvature Eq. (§ is that the electric curvature is regular 
nearby point charges. This is a surprising result, as most electromagnetic quantities are singular 
near point particles [55] . This preliminary result hints on a consistent way of dealing with point 
particles without the renormalization techniques that are typically employed in the literature 
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4. Maximal curvature 

The acceleration of the charge is a vector. By its definition, the acceleration is uniquely 
determined by its direction and magnitude. In the last section we saw that the geometrical 





























properties (i.e. curvature) of the field-lines suffice to determine the direction of the acceleration. 
The goal of this section is to demonstrate that the field-lines also determine the acceleration’s 
magnitude. 

Consider figure again. The greater the difference between the initial and final velocities, 
the more broken the field-lines will appear on the light cone’s surface. This implies that there 
is a relationship between the magnitude of the charge’s acceleration and the curvature of the 
field-lines in the vicinity of the accelerating charge. In other words, as the acceleration becomes 
higher the field-lines nearby the charge are more curved (see W)- 

There are several approaches to measure the total curvature of the field-lines about the charge. 
Here we present only one, not necessarily the most natural nor the most general. It is considered 
only as a case study that shows that the field-lines contain all the information needed to know 
the dynamics of the charge. 

In the last section, the field-lines curvature k in the neighborhood of the charge was shown to 
determine the direction of the charge’s acceleration vector. This was done by requiring that the 
charge accelerates along a vector of zero electromagnetic curvature. It is clear that lines of zero 
curvature cannot determine the magnitude of the acceleration vector. Since the electromagnetic 
curvature is always non-negative, the zero curvature condition isolates the minimal curvature in 
the neighborhood of the charge. A natural contra-distinctive way of determining the magnitude 
of the acceleration is to use the maximum curvature in the neighborhood of the charge. 


The curvature of the electromagnetic field at the point x was computed in Eq. (14), and can 
be rewritten as 

K{t,x) PS -\Eext{t,x)\\{xo{t) - f)|| sin^l, (18) 

q 

where 9 is the angle between the electric field-line at the point x and the vector xo{t) — x. 
Assume that the radius of the ball is small enough so that the electric field barely varies inside 
the ball, 

Ee^t{t,x) « Ee^tit,Xo). (19) 


Under this assumption, Eq. (18) shows that the maximal curvature in a ball of radius r about 


xo{t) is obtained along the angle 9 = 7r/2, corresponding to a perpendicular direction to the 
acceleration vector and is given by 


max K =-\Eext{t,xo)\r. 
|x—xo(t)|<r q 


( 20 ) 


Eq. (20) shows that the maximal curvature is proportional to the magnitude of the total electric 


field. It is well-known that in the absence of other forces, the total electric field is proportional 
to the magnitude of the acceleration of the charge. 

We therefore postulate that the charge accelerates in the direction of zero curvature field¬ 
lines with acceleration magnitude proportional to the maximal curvature of the field (line). The 
proportionality constant can be determined using dimensional analysis. The dimensions of 
curvature are one over length. To obtain dimensions of acceleration we need to multiply the 
curvature k by a constant with dimensions of velocity squared, and it is only natural to multiply 
it by (here c denotes the speed of light propagation in vacuum). 

The only variable left to determine is the radius r used in Eq. (20). Any result produced by 


the method suggested here must be consistent with the Lorentz force in the absence of magnetic 
fields, 

ma = qE. (21) 

It is now easy to see that setting 

1 q^ 

r = -^ ( 22 ) 
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in Eq. (|20|) produces the expected results (|21|) in the leading order. Interestingly, for electrons 

(23) 


the radius we obtained in Eq. (22) is 


1 


r = -Tp, 


where 


Vp = 


nipC^ 


= 2.8179403267(27) x 10“^'^cm 


(24) 


is the classical electron radius. Here e and mp are the electric charge and mass of the electron 
respectively. 


5. Conclusions 

The notion of field-lines is widely discussed in textbooks as a tool for visualizing fields. In this 
work, we argued to the contrast. Rather than a mere visualization tool, field-lines may causally 
determine the dynamics of moving particles. This postulate was proven for electric fields, as it 
was shown that the electric field-lines completely determine the dynamics of electric charges. 
The curvature of the field-lines as curves in contains all the information needed to determine 
the acceleration of electric charges under an electrostatic force. 

We studied an electric charge q moving under the influence of both its self-field Eggif and an 
external electric field Eext- The curvature of the field-lines was always computed by considering 
the total electric field E = Eggif-|-Egxt • The acceleration of the charge was shown to be directed 
along the minimum (zero) field-line curvature, and its magnitude is proportional to the maximum 
field-line curvature. Written explicitly, 


a = direction of min(K) = E, 


(25) 


and 


|a| = c^max(K) = —\Eey,t{t,xo)\ 
m 


(26) 


where c is the speed of light, m is the mass of the charge, xq is its position, and both the 
minimum and maximum curvature are computed within a ball of a radius given in Eq. (22). 
For electrons, this radius is equal to one third of the classical electron radius. 

The most surprising result from this analysis is that although we studied the curvature of 
the total electric field E. the self-field produced no singularities in the total curvature. This 
is apparent from Eq. (14) which only depends on the external field Eext- This result holds 
independently of the electric charge’s structure, and continues holding for point charges. This 
hints that the formalism studied here is capable of treating point particles consistently without 
the need for renormalization. Since field singularities constitute an inherent issue when studying 
field theories that contain particles, this analysis appears to be a promising research direction 
for eliminating singularities from held theories in general. 

The results provided here are still preliminary, and many interesting questions arise: 


• How can the above mechanism be extended to treat helds other than the electric held? The 
most natural next step would be to study the magnetic held. Should that prove successful, 
venturing straight ahead to gravity would be the next natural step. 

• How can these results be derived in Minkowski spacetime using the 4-vector dehnition of 
curvature on general electromagnetic helds? The results produced here are indeed consistent 
with the special theory of relativity, and a robust relativistic formulation of them can be 
very insightful. 

• Can the held-lines be used to obtain an action principle for classical electrodynamics that 
treats the self-helds on the same footing as the external helds without apparent singularities? 








• What about quantum fields? 


It is important to remember that in this work we approximated the maximal curvature in 
Eq. (20) in order to derive the Lorentz force Eq. (21). It is only expected that the full non- 
approximated expression will include correction terms. We hope that these correction terms 
will shed light on the problem of radiation-reaction, which remains an open problem in classical 
electrodynamics. 
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